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Solution of the Ornstein-Zernike Equation for a Mixture
of Hard Ions and Yukawa Closure

Lesser Blum'
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The solution of the Ornstein—Zernike equation with Yukawa closure dis-
cussed in an earlier paper is simplified and extended to the more general
case of several exponentials with real or complex exponents. The interesting
case of an ionic mixture with Yukawa closure is solved explicitly. This case
corresponds to ionic melts (molten salts).

KEY WORDS: Mean spherical model; mixtures; Yukawa closure;
Ornstein—Zernike equation; generalized mean spherical model; molten salts.

1. INTRODUCTION

In recent papers®-? we found solutions of the Ornstein—Zernike (OZ) equa-
tion for systems of hard spheres with Yukawa closure for various cases of
pure fluids and mixtures. This work extended the work of Waisman ef al.®-%
of the solution of the Yukawa closure for a single-component fluid.

In our previous work the Fourier transform®-® method was used, which
led to relatively simple sets of algebraic equations, and also gave explicit
formulas for most of the relevant quantities.

One of the more interesting applications of this solution is the generalized
mean spherical approximation® of ionic melts. In this case, the system is a
mixture of charged, hard spheres of different size. The direct correlation
function for distances larger than contact is

c(r) = —Bee;leor + Ke™ = %r, r> oy

where 8 = 1/kT is the Boltzmann factor, e; is the electric charge of ion i,
o;; is the distance at contact of the pair (7, j), and ¢, is the dielectric constant.
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Here K;; and z are constants to be adjusted by physical arguments (self-
consistency). While this problem has been extensively discussed by Stell and
collaborators® 8- for the restricted case of equal size ions, a discussion for the
more realistic case of different sizes is still missing. Our solution is a step in
this direction.

The solution of this case is also of interest for the problem of spin-glasses,
or configurationally disordered spin systems.®

Furthermore, the general case with an arbitrary number of exponentials
can be solved explicitly (although it is very complicated), so that in principle,
the parameters can be adjusted to satisfy some other closure, such as the
HNC or LHNC.

In Section 2 we give a brief summary of our previous work and also the
formal solution of the general case with an arbitrary number of Yukawas.

In Section 3 we elaborate further on the single-Yukawa case® and give
a more explicit solution in terms of a single set of parameters. When the
exponent z —> 0 and an “electroneutrality” condition is imposed, then this
solution becomes identical to the MSA for the ionic melt.®*-12:19

Finally, in Section 4 we give the results for the case of an ionic melt with
a Yukawa closure for the general case of unequal diameters. (The case of
equal-size ions was solved also by Mou and Mazo.¢?) This result is obtained
from the general solution of the two-Yukawa case.

2. FORMAL SOLUTION

Consider first the OZ equation for a mixture of spherical molecules:

m) = )+ 3 oo [ des eurille - ni) 0

where Ah,,(r) is the (indirect) pair correlation function between species i and j,
c;;(r) is the direct correlation function of the same pair, and p, is the number
density of species /. The molecules in our system have a repulsive spherical
hard core of diameter o;. Since the hard molecules cannot overlap,

hij(r) — _1 fOI‘ r< O34 (2)

where o;; = 3(o; + o) is the distance of closest approach. As in our previous
work,® the general closure of the problem is to require that

cir) = z Kl "=%r, 1> oy (3)
m

The parameters K} and z,, are either given by the problem, which is the
case of the mean spherical approximation (MSA), or are determined from
some other physical criteria (GMSA,® OZVA,® etc.).
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The procedure is a generalization of our previous work,'® but there are
some differences in the details. The OZ equation in Fourier space is

Z [8a + (R[S — pitis(K)] = 8 C))

where (k) and &,(k) are the three-dimensional Fourier transforms of /;,(r)
and ¢;(r). For disordered systems A;,(k) < co on the real k axis, and, follow-
ing Baxter,”® we write

85 — pilifk) = 2 I8 — pGu([8; — p,0(— )] &)
t
It can be shown by detailed analysis that
Qij(k) = dr e Q(r) (6)
At
where
A = 3(o; — o) (7
The function Q,,(r) can be shown®® to be of the form
Qu(r) = Q4(r) + 2, Die =" ®
where

Oi(r) = 3(r — o1)q; + (r — o1)q;
+ z Cle=" — e~ %) for Ay <r <oy 9)
n
=0 otherwise

The problem of solving the OZ equation is thus reduced to the problem of
finding the coefficients of Q,,(r). Let us first write (9) in a slightly different
form:

o) = %(" — o )r — XAy + (r — 0:)8; + Z Cli(e™*" — e~*75)  (10)

where
Ai; = qi; 11y
Bis = qis — (0:/2)qs; (12)

We get conditions for these coefficients by taking the inverse Fourier
transform of the defining equation (5):

2ere(r) = = O + 3o [ dry Qur) Qe + 1) (13)
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For large r > o;; we need
&0 2mKY = 2, D, Dildy — puQiuiz,)] (14)
1

which is one of the sought equations.
Furthermore, from (4) and (5), we get

Z [8: + pha(®8: — p:0u()] = {I — pO(—k)}z* (15)

and since the right-hand side is analytical and has no poles on the lower half
of the complex k plane, we may get the Fourier inverse by closing a contour
around it. The result is

2arhi(r) = — Qi(r) + 27"'Zl P f dry (r = "1)/11'1(]" = r)Qu(r) (16)

From here and (2) we get, using (10), that

Ay= 4= 2a(1 = 3 1) an
fu=fy =20 + 3(1 - 5 70) | 19)
where we have defined the moments
TP = | drriQulr) (19)
Ast

From (8) and (9) we find, after a short calculation,

0'13Aj

2
0 _ _o’By _
T 2 12

1
= 3 e (€ + Dipra(—z o) = D - (1 + 500 QO

1) _ oI _ By
Ty -5~ =71
+S e_z,,m[(c;; + DR)zi(zar o) + D}‘,% (1 + Z,;Tz)]
21
where
¢1(z, 0) = (1/2)(1 — z0 — e7%) (22)

¥i(z, 0) = (1/z9)[1 — 4z0 — e=*(1 + }z0)] = ge‘z"mil(%m) 23)

i1(x) = (1/x®)(sinh x — x cosh x) (24)
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We now solve (17) and (18) for A4; and §;: This yields

A =T (1 g0+ D)
with

ln = Z Pl(gl)m
A=1—3nls

and

e %% z
g = Z ple-znhjt[(C{} + DY)z bi(2,, 0)) + DY 7 (1 + 30'1)]
7 n

1
my =3 pems (CG + DYapl=z0s ) = Dy 1+ 7))
I3 n

665

(25)

(26)

@7

(28)

(29)

(30)

From the third and higher derivatives of (16) we get the set of conditions

Ci + Djj = Z YilZn) DYy
!
with
vu(zn) = 270 &0(2,)/2
and
&u(z,) = f dr e~#rgy(r), gu(r) = 1 4 hy(r)
0
Using (31), we eliminate CJ} from (29) and (30):
i= Z pC#(z,) Dlye s
7

m* = > pCl"(z,) Dlje™*»
7

with

C@) = 3 mlenesghens @) + 515 (14 557)

1
Ctm(zn) = Z 'ytl(zn)e Mz, ‘Pl( Zns 0'1) (1 + z Gt)

(3D

(32)

(33)

(34

(35)

(36)

37

So far, we have reduced the algebraic problem to two sets of parameters,
g:/(z,) and D}, and we have one set of equations (14). The other set is obtained



666 Lesser Blum

from Eq. (16) by Laplace transformation. Following a procedure described
in Ref. 2, Eqs. (30)-(33), we get (in the notation of Ref. 2)

] e—(s+zn)o'”

A [ % ” ’
> 2258y — pOulis)] = = (gis + saiy) — 2, 2.Ch (38)
!

- 5+ z,

The required set of equations is obtained from (38) by making s = z,.
Using (11), (12), (25), (26), and (6), we get, after some lengthy but straight-
forward algebra,

2a8i(za)e*% — 4,CHz,) — BiCiNz,)

1 _ _
¥ Z{ |2eCesota — 2, 3 e e el

Zn + Zn

— Zy Z ')’il(zn)ez"anci'?e_z"’)\”[?’o(zn + Zm, ) + e‘(z"+2"')a'q’0(“zns al)]} =0
1

39)

with
7ols, ) = (1)1 — ¢7) (“o)

and
Cits) = 5 + 3 vueusgu(s, ) @

with ¢,(s, o)) given by (22).

This is a set of linear equations for D}, in terms of §,(z,) only. This set
of equations can be solved, and substituted into (14), to get a set of nonlinear
equations for §;(z,). A physical branch of the solution has to be chosen from
the manifold of solutions.

Using (38), we can write (14) in a slightly more convenient form

27 z 2, Kiy1(z,) €%
T

-2,0 z . z
= Z Pi =z D?k[ k(l + —n;l) + ZoBe — 2 Z - e—z"’a”"cjy?c}
%

Zn = Zn + Zp
42)

where A, is given by (26), B, by (25), and Cj; by (31).

These sets of equations, (39) and (42), constitute the formal solution of
the given problem, since we can calculate all the coefficients in the functions
Q,/r), (8), from g,(z,), and therefore, the pair correlation functions and the
thermodynamic properties. In the next section we will show that for the case
of one Yukawa some remarkable simplifications occur.
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3. THE ONE-YUKAWA CASE AND THE LIMIT OF
IONIC MELTS

When the Yukawa closure has only one set of exponentials, that is,
ci(r) = Kye= "= %d[r (43)

then the equations of the preceding section simplify considerably.
First notice that (39) becomes, with (25) and (26),
2

~ 1
2n8;(2)e*% — A (1 + 3 Lo % 0}‘) Ci#z) — %O-J'Cil(z)

2 2
f (mj + % Czl’«j) CH2) + “AE ety

1 ; 1
+ 2 Z {ru(@e*u[Cfzpo(z, 0))* + Dyjle”* s} — 3 Cye 2 (44)
1
Furthermore, using (31), (34), (35), and the fact that
o, + % [1 + z Viz(z)eza”ﬂpo(z"t)} - Z ol + e™*e*uy, = 22CH(z) (45)
H 3

we get

1 z Qu Qs Dyje 71 = Yyy(2) (46)

with "
Qi = Qr[A)CH2)pror — vue™®29o(2, 03) — By, C)
Q% = Qr[N)CHDPor — Vi€ Tkizpo(2, 01) — Ot (48)

Yifz) = 2ngi(2)e* — Qu[D)[1 + $Lo(m[A)e;]CHzZ) — (m[D)e;C(z)  (49)

In matrix form, we write

1 QQ*e~*2De~%!2 = Y (50)
which can be solved to yield
D = 2e*2[(Q*)~1QR~1Y]e/2 (51
Using (25), (26), (34), and (35), we get from (42)

1 2o

1
27721: e*%u Ky (2) = Z Pke—z””‘Dik(;Z o + X (1 +3 o0k %)
w1+ %)+ > Dye*u LS, — ype-eu 4 27 CM2) + L2 CA2)
Z2 2 . e 5 O T Vit A |- 2y &

X % (1 + 329) + % 27;—7 Ct“(z)}) (52)

Equations (51) and (52) must be solved numerically for the set y;;(z).



668 Lesser Blum

Let us also show that if
Ki; — Beiejleq, z—>0 (53)

where B = 1/kT is the Boltzmann factor and e; is the ionic charge, then we
get the limit of the MSA for the ionic mixture.**~*® This will be not only an
instructive example, but also will serve as an introduction to our next section,
where we will discuss the GMSA for the case of different diameters.

First, notice that for z— 0

p1(z, o)) > — 0?2, (2, o) = — %12 (54
Furthermore, from (14) and (53) we must have
Dy = —za,° (55
(4mBeo) Z pe® = Z pi(@)? (56)
Using these relations and the electroneutrality
> pies =0 (s7)
we get from (25) and (26) the results for the ionic MSA ¢1,13:19
By = mo,/A + a;°Ay (58)
27 1
4=F (14 3050) + San, 59)
with
1 1
Ay = % (‘_1 Z pieio® + I3 ZI: Plf’zaBz) (60)
Bl = Z Piei[zﬂf dr rh“(r)] (61)
i 0
P, = Z Pieoiler + By + 0Ay) (62)
k

Furthermore, from (31), we get the set of constants C;; (which are divergent
now!)
Cy = lim a,%e; — Bifz) (63)
2=0
Using (8), we get the quantity Q;,(A;)
Qi(A) = lim [~o,8; + Cyle™*'»# — e7%75) + Dye™ '] (64)
20

which, by virtue of (63) and (58), yields
0if(A5) = —owm|A — a (e, + oN}) (65)
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with
N; = B, + Ay 66)

which is our previous expression [Eq. (2.33) of Ref. 13]. The symmetry of
Q.,(A;) is a crucial condition in the solution of the general mixture of hard
ions.

Finally, we get an expression for a; as a function of N; (or, equivalently
B;, which is the excess internal energy parameter®) from the limit for
z—0 of (51):

a® = —Q[DJIN; + (@28)0;P,l, Do = > piler + Neo)*  (67)
k
which is also our previous expression.
As was discussed in Refs. 12 and 14, Egs. (56), (64), and (67) con-

stitute the formal solution to the MSA of the primitive model of electrolytes
of different sizes.

4. THE CASE OF THE IONIC MIXTURE WITH YUKAWA
CLOSURE

We consider now the somewhat more complicated case of a mixture of
different size ions.™ From our general results of Section 2, and using a
limiting procedure similar to that described in the last section, we get, from
(25) and (26),

By = (7[D)o; + a;,Ay + 2m[B)p, (68)
and
A; = Qa[D)[L + @[28)L50; + 3a; P, + my + (7[D)] (69)

where we have used the definitions of the last section.
Furthermore, from (38) and (39) we get one set of equations by setting
z, = 0,

2 e
a; = ajo — E{% lu,an 4+ ijAN
+ Z pl[—el + Z evu(z)ze M — B,ez"t] D,,-e‘”u} (70)
i t

where
@} = —(2/D,)[N; + 3(=/A)o,P,] (7D

D, = Z prlex + Nyoy)? (72)
k
Using (34) and (35), we get

2
a;=a’ — D Z piA(z)Dye =%y (73)
a7



670 Lesser Blum
with
A(2) = TP.CHE) + § AnCi(2) — & — Bt + 3 eoy(2)ze ™ (74)
t
Next, consider Eqs. (38) and (39) for z, = z: After much algebra, we get

) - 5 (1 + 305 5) GO - FaCr@

= GAKE) — 5 D, QulDye (73
X
where
A*(@) = %Pnciu(z) + %,Ni + Z vu(2)e*u[ze.(z, o)) — e (76)
i

Combining (73) and (76) will give us a set of equations for D;;:

Z“i:{Zfrg,,(z) (1 + 5 a0y A)C (2) — Aa,c ™(z) — a,"A*(z)j

= 5 [te@r@e - 13 0,008 | D )

which gives D,; as a function of the excess energy parameters N;, a,°, and
8if2).

These parameters are calculated from the symmetry condition (64),
which now reads

. QX)) = QN (78)

with
0,(X;) = —o05(7[A) — a(e; + Nioy) + (Ci; + Dij)(e™ s — e7*%u) + Dye*%u
(79

Another set of equations is obtained from the limit of (14) for z, — 0, which
yields (63)

i;zﬁ S, pile) = 3, pulay (80)

Finally, if we take Eq. (14) for z, = z, we will get an equation for the
parameters §,,(z):

2m z Kiiy:/z) e
7

1 -
=3 Z pre” i Dy By Dye™ 7w

+ 13 memDufFo+ 3 (14 500 5) (14 F) | @0
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with

- 2 zo,\ T

5= o H Cr + T o+ 5 (1+5) 54

- %zy,-te T % Sﬁ} (82)

For the specific case of a binary mixture, Eq. (79) can be solved in a
simple way, yielding [together with (80)] two equations for two unknowns
N,, N, (or By, B,) as functions of y,(z) [or §(z)]. These equations can be
solved by computer.

5. DISCUSSION OF PROPERTIES

The results of the preceding sections can be used to compute the proper-
ties of the system under study. Our results here are a mere extension of those
of our previous work,® so that we will only quote them.

From Eqgs. (10) and (16), we see that the contact pair distribution function
is

8o7) = 7 101 = [/3] - 3 a e } (83)

where 4, B, C{} are given by (25), (26), and (31) in the most general case, or
by similar expressions in the particular cases discussed in Sections 3 and 4.
From (83) we can compute the virial pressure for the ionic mixture case using
the formula @

Ap = [ Z pie;B; + ﬂZPiPJU?jgij(O'J)] (84)
07

where Ap is the excess pressure, and B; is given by Eq. (61).
The internal energy is obtained directly by integrating the standard
expression, with the result (for the ionic case of Section 4)

1
—BAE = — Z pie:B; (85)

Unfortunately, the very elegant results of Hoye and Stell for the MSA ¢®
do not apply directly to the present case, and we have no explicit formula for
the excess properties calculated from the internal energy.

Let us finally remark that the Laplace transform of the pair correlation
function can be obtained for the general case from Eq. (38):

Z 2mgy(s)[8; — Plej(S)]

e sau e-—(s+zﬂ)au u

n
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with
Q~U(S )= {[.BJ%(S, o) + Agh(s, o))

—~(s+2)A -(s+z,)a —2.0
e 't — e n’" 41 e “n'l
+ Z C{;[ - (e~ — e—sa“)ii
n

s+ z, Ky

. e~ Gtahy
+ Z Dy ”ﬂ’z_} (87)

where 8, and A4; are given as functions of DY and g,(z,) by (25) and (26);
Dy, and Cf are related by (31); and the functions ,(z, ) and ¢:(z, o) are
defined by (22) and (24).

We hope to come back to this problem in the near future and discuss the
results numerically.
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